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A Method for Wind-Tunnel Investigation of Sonic Booms

Y. S. Pan* anD K. T. WANGT
The University of Tennessee Space Institute, Tullahoma, Tenn.

A theoretical study for a new method for wind-tunnel investigation of sonic boom problem based on large models
is presented. Based on the well-known quasi-linear approach, a method for extrapolation of three-dimensional
wind-tunnel data obtained in the very near field of an aircraft configuration is obtained. Several numerical examples
for axisymmetric and nonaxisymmetric flowfields are given. Comparisons of the present results with those based
on the current sonic boom theory show that the three-dimensional near-field effects are important.

1. iIntroduction

ECAUSE of the development of supersonic transports, the

sonic boom problem has been receiving considerable
attention in the past decade. Calculations of sonic boom pressure
signature of a supersonic aircraft have been based mainly on
Whitham’s supersonic projectile theory' and Hayes and Lomax’s
supersonic area rule.>®> The supersonic area rule shows that
the pressure disturbance for a complex three-dimensional con-
figuration can be reduced to the pressure disturbance due to
an equivalent body of revolution, provided that the point of
interest is sufficiently far from the body. Whitham’s theory,
on the other hand, describes an asymptotic flow behavior at a
distance sufficiently far from a body of revolution. This asymp-
totic flow obeys the geometric acoustic laws. That is, the flow
disturbances are linearly proportional to a local F function
which is related to the shape and the flying conditions of the
body. The values of the F function are constant along the
characteristics emitted from the body. Consequently, the sonic
boom pressure signature at a distance sufficiently far from an
aircraft can be calculated from the F function of an equivalent
body of revolution of the aircraft.

In experimental investigations of the sonic boom in wind
tunnels, it is usually necessary to use very small models in order
to obtain direct measurements of the far-field pressure signature
at the vicinity of a wind tunnel wall (see, for example, Ref. 4).
With these small models, inaccuracies with respect to model
contours, vibration of model, boundary-layer development,
interference of sting supports, small nonuniformities of the free-
stream, etc. usually arise. The present method is directed towards
an alleviation of this very small model restriction.

The present method is based on large models in wind tunnels,
where only the near- or the mid-field is simulated. (Similar
methods have also been considered recently.®) By measuring
the pressure distribution at the vicinity of the wind tunnel wall,
it is possible to determine the sonic boom signature at large
distances in the outer midfield or in the far field. This method
is expected to have /great significance in making wind tunnel
tests more reliable by avoiding the use of very small models as
is usually done today. This method may also have its greatest
importance for low fineness ratio and blunt bodies at higher
supersonic speeds.

It is well known that, in the near field of an aircraft, the flowfield
is fully three-dimensional. The supersonic area rule may not be
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applied there and hence, Whitham’s theory may not be employed
directly. Moreover, the flow disturbances in the near field may
not be generally described by Whitham’s asymptotic relations
even within the assumption of the linearized supersonic flow.?
Indeed, recent wind-tunnel experiments have shown that Whit-
ham’s theory does not give good predictions of pressure signature
in the near field, especially at large angles of attack.® Conse-
quently, the calculation of flow disturbances in a not-so-far-field
from an aircraft or the calculation of sonic boom pressure
signatures from a known pressure disturbance in a nearer field
must be examined.

In the present paper, we shall present a theoretical study of
the new wind-tunnel testing method. Particularly, we shall be
concerned with the extrapolation of a known pressure signature
in the near-field to a distance in the mid- or the farfield. We shall
be also concerned with the relationship between the measured
pressure signature and the corresponding free-flight pressure
signature, both at the vicinity of the wind-tunnel wall

Following a brief statement of the problem and an outline
of the method of analysis (Sec. II), the supersonic flow pattern
of a quasi-circular streamtube is considered. A Whitham type F
function is defined and then its relations with corresponding
flow disturbances are established (Sec. III). The propagation of
a known disturbance is treated in Sec. IV. The relationship
between the measured pressure signature and the corresponding
free flight pressure signature is then obtained in Sec. V. Finally,
the new method is summarized, numerical examples are given,
and the comparisons with the results based on Whitham’s
theory and finite-difference approaches are presented and
discussed (Sec. VI).

II. Statement of the Problem
A three-dimensional model is tested in a circular cylindrical

supersonic wind tunnel with radius R (Fig. 1la). The flow is
assumed to be steady, homogeneous, and inviscid. It is well-
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Fig. 1 Flow Patterns of a supersonic aircraft, a) in a wind tunnel,
b) enclosed by a streamtube in freeflight.
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known that the disturbance emitted from the model is reflected
at the wind-tunnel wall, in order that the streamlines adjacent
to the wall may be always tangent to the wall. Hence, the pressure
disturbance measured at the wind-tunnel wall is not the actual
free flight pressure disturbance but the reflected pressure distur-
bance.

In free flight, however, streamlines may be distorted freely
according to the disturbance emitted from the model. Any
streamtube enclosing the model of a circular cross section in
the free stream may be distorted into a quasi-circular cylindrical
shape. Hence, the quantity of flow in the wind tunnel is equal
to the quantity of flow confined in a streamtube of thc same
upstream radius R enclosing this model in free flight (Fig. 1b).
Based on the linearized flow theory, the flow disturbance at
the distance R in free flight is equal to the incident disturbance
on the wind-tunnel wall.

Inside the wind tunnel, if the flowfield over the tested model
can be described by the linearized supersonic flow theory, and
if the cumulative nonlinzar effects can be neglected within the
wind tunnel, then the flowfield near the wall may also be
described by the linearized supersonic equations. It is possible
to relate the reflected disturbance with the incident disturbance
at the wall by specifying proper wall boundary conditions.

In free flight, it is known that the flow disturbance outside
the streamtube of upstream radius R due to the presence of
the model is equivalent to that caused by this streamtube or
by any other streamtubes enclosing this model in nearer fields.
The shape of the streamtube of upstream radius R, which is
usually represented by a superposition of various multipole
distributions in the linearized theory, may be obtained in terms
of the known disturbance at R. By defining a Whitham type F
function in terms of these distributions, one obtains the F
function for this streamtube of upstream radius R, which can
be related to the flow disturbances at R.

The propagation of a known F function from one stream-
tube to another one further afield may be treated based on
Whitham’s hypothesis on the improvement of characteristics.
That is, the values of F function are constant along bicharac-
teristics in the three-dimensional flow. Thus the new F function
may be obtained for any streamtube further afield. However,
it may generally have multiple values in certain regions of its
arguments; these are due to the intersection of characteristic
surfaces in the physical space where values of physical quantities
cease to be unique. This failure of the linearized supersonic
theory as a description of the flow is known to be remedied by
the presence of shock surfaces. The positions of shock surfaces
may be determined by the usual simple geometric property;
namely, to the first order of the shock strength, the shock surface
bisects the angle between the two intersecting characteristic
surfaces. Having fixed the positions of shocks, the new F function
becomes a single valued function, which actually is the Whitham
type local F function of the corresponding streamtube further
afield. Finally, from the new single valued F function, the flow
disturbances may be obtained.

III. F Function and Its Relationship to the Flow
Disturbances

As stated in Sec. 11, to consider a supersonic flowfield down-
stream of a three-dimensional complex body, we may study
the flowfield downstream of a streamtube enclosing this body.
If the flow disturbance is weak on the surface of the streamtube,
this streamtube is generally of a quasi-cylindrical shape and
the flow over it may be described by the linearized supersonic
flow theory. In this section, we shall consider a supersonic flow
over an arbitrary quasi-cylindrical streamtube with upstream
radius R enclosing the body (R will be identified as the radius
of the wind tunnel in Sec. IV and V).

Let us choose the body axis to be the x axis coinciding with
the freestream direction (Fig. 2). Enclosing this body we choose
a co axial quasi-cylindrical streamtube with an arbitrary up-
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Fig. 2 Quasi-circular streamtube and coordinate system.

stream radius R (R = 0 corresponds to a point-nosed slender
body). On the surface of this streamtube, the flow is assumed
to be disturbed at x = 0 where the origin of the x axis is located.
The r axis perpendicular to the x axis is the radial coordinate
and 0 is the polar coordinate measured counter-clockwisely
from the vertically downward r-direction. We further assume
that the entire problem is symmetric with respect to § = 0
(or m) plane.

Let the freestream velocity and Mach number be U and M,
respectively, and at a general point (x, r, 6) the local velocity
be (U + Uu, Up, Uw). The flow is assumed to be irrotational;
hence the velocity disturbances u, v and w may be deduced
from a velocity potential ¢. On the linearized theory, ¢ satisfies
the equation
8p/or* + (1/r)(e/dr) + (1/r*)(8%¢/00%) — (P @jox?) =0 (1)
where 2 = M? — 1. A general solution of Eq. (1) which repre-
sents a disturbance propagating downstream from the quasi-
cylinder is’

@ = — Y cosnf h[(x — )/Br]fi(t) dt
— N2 i 2
n —ar [x =10 = B7r7]
Here, h,(t) = cosh[ncosh™'t]; f,(f) are the multipole distribu-
tions and may be related to the shape of the quasi-cylindrical
streamtube. Disturbance velocity components can be deduced
from' Eq. (2) by differentiations; for example
w= ¥ cosnd f hLx — 0/Brlfu(0 de
" —ar [(x — 1) = B*r?]'72
The pressure disturbance relates to the velocity disturbance by
the linearized Bernoulli’s equation

P =Ap/p U* = (p — po)/pU? = —u )
In. the far field, by changing the integration variable, replacing
x — prby y — BR in Eq. (3) and making a farfield approximation,
Br/y >> 1, the expression for u written in the Fourier series
expansion, reduces to

G)

u=Y u,cosnd = (ZB B Z F(y) cosnf (5)

Similarly,
0= 3 v, cosnd = (MB 7 Z F (y) cosnf (6)
w =) w,sinnf = (21; ORI Z n G,(y) sinnf N

Here, y is the characteristic parameter of a linearized character-
istic curve [x — f(r — R) = y] on 0 = constant plane

— BR)d
F() = ff(t ﬁ)lf/lt ®

being the Fourier components of the Whitham type F function
of the streamtube

F(y,0) = Y F,(y)cosnd )
and
j St = pR)L fy F(0dt (10).
e

It may be noted that, for bodies of revolution (n = 0), the
above relations are the asymptotic linear relations of Whitham?;
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for bodies of revolution at small angles of attack (n = 0 and 1),
the relations reduce to those of Siegelman® It may also be
pointed out that, in the above relations, u and v vary as r~ /2
and w varies as r~3/; hence, in the far field, w may be neglected
in comparison with u or v. Consequently », v and P may be
related directly to the F function of an equivalent body of
revolution. This is the basis on which the current sonic boom
calculations are made.

In a not-so-far field, it has been shown® that it is possible,
within the linearized supersonic flow theory, to obtain exact
relations between the flow disturbances and the corresponding
local F function on a streamtube enclosing an axisymmetric
body. Now we shall obtain the similar relations at R for the
nonaxisymmetric flow. Observe that Eq. (8) is an Abel integral
equation whose solution is

(%) dx 1 (" F(x)dx

t — SR =— 11

e = BR) = ndtL(z:—x)”2 T Jo (t — x)'? (1)

since F,{0) = 0. If Eq..(11) is substituted into the solution of

the flow disturbances, for example Eq. (3) at R noting Eq. (4
and the form indicated in Eq. (5), we obtain

Py(x) L R
{—u,.(X)} - (2ﬂR)”2f P&, < BR )dt 4

2312 =2 b (x cos® ¢ + 1)d¢p
o (2 + xcos® ¢)'?
Noting that K,(0) = 1, we integrate Eq. (12) by parts to obtain

Px) | 1 (x—1
{—u,.(x)} = (ZBR)‘/Z[ ("”zﬁj FloK, </3R ) } (9

Similarly, we may obtain the relations of v, and w, in terms of
F, and G,, respectively

__bp LI N
Dn(x) - (2BR)1/2[ n(x) + ﬁR J. n(t)J < BR )dt:l (15)

. n x ,

where
232 112 (x cos? ¢ + Dh,(x cos® ¢ + 1)dgp
== 1
J() 0 (2 + x cos? ¢)!1? a

Since Eqs. (14-16) are the integral equation of the second kind,
we may solve for F, and G, in terms of the Fourier components
of flow disturbances at R

Ffx) | Px) L ()
e o
BF.{x) 1
g =~ |, o) o0

WG .
REpR)? ) ﬂRJ "“S<BR>‘” 0

Here, S, and T, are resolvent kernels of K, and J,, respectively.
K, J, are the differentiations of K, and J,, respectively, with
respect to their arguments. Some S,, 7,, K, and J, have been
computed and tabulated in Ref 10. (S,, Ty, Ky and Ji were
denoted, respectively, as S, S;, K’ and K| in Ref. 5)

Since the streamtube of upstream radius R was chosen
arbitarily, the relationship between the flow disturbances and
F, or G, [Egs. (14-16) or Eqs. (18-20)] is valid for any R
within the linearized supersonic flow theory. As R — oo, these
relations reduce to the asymptotic linear relations Egs. (5-7).
The second terms in Egs. (14-16) and Eqgs. (18-20) represent
the corrections of the asymptotic relations in a nearer field.

where

K,(x) = 13)

IV. Propagation of the Flow Disturbances

Since the relations, Eqgs. (14-16), are valid at any distance
where the flow disturbances are weak, we may now write the
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expressions for flow disturbances at any distance r from the
axis in terms of the corresponding local F function,
1 Ap

M 1 1
M P _ —I:F(y, 0,) + B—Zcos nf,
r n

—u (2pr)2
f F(O)K, <—y - t) dtJ 21
0 pr

_ Wl:)m-[lt«*(y, o+ — Zcosnﬂof (D), <7ff> t:l 22)
-1 [Z G,(y) cos nf,

= H2pn a6,
¥y , y —t
+ E; cos nb, L G, (HK, (T) :l (23)

Here, y = x — B(r — R) = const is a linear characteristic (straight)
line on a plane with azimuth angle 8, = const; on the mean
surface of the streamtube representing the wind tunnel, » = R,
y = x. As F(y,0,) = const along linear characteristic lines,
y = const, on planes with aximuth angle 6, = const, Egs. (21-23)
represent the solution of flow disturbances in the classical
linearized theory.

It has long been recognized that the linearized solution is
not uniformly valid to the far field due to the so-called cumu-
lative nonlinear effects.!® In the development of the supersonic
projectile theory, Whitham' made the hypothesis that linearized
theory gives a correct first approximation everywhere, provided
that the value which it predicts for any physical quantity on
the approximate (linear) characteristic from a given point
on the axis is interpreted as the value, at the same distance from
the axis, on the exact characteristic (improved to the first-order
velocity disturbances) from the same point. Now we shall apply
the same hypothesis to the present three-dimensional problem.

In three-dimensional supersonic flows, two-dimensional char-
acteristic curves on constant-azimuth-angle planes are replaced
by bicharacteristic curves in a three-dimensional space. Bi-
characteristic curves are tangential lines common to the character-
istic surfaces and to the characteristic conoids (for detailed
discussion, see Hayes and Probstein'?). For the present problem
of the linearized supersonic flow, the characteristic surfaces are
surfaces of revolution with respect to the body axis.'? Through
a general point (x,r,0) on a characteristic surface, the bi-
characteristic direction may be found from the tangential
direction common to the characteristic surface and to the local
Mach cone

Ax  (g* — v)"*(1 + w)cosp — (1 + wvsiny

Ar (g% — v)Pvcosp + (g° — v?) sinu
rAf (g% — vH)'? cosu — vsing
Yo w
Ar (g% — v¥)""?vcosp + (q* — v?)sinu

with u and g being the local Mach angle and the local nondimens-
ional velocity, respectively. By using the definitions of u and
of g and by neglecting the second and higher order terms of
flow disturbances, we obtain the differential equations of the
bicharacteristics to the first-order velocity disturbances,

ox/or = B +.[(@ + DM*/2B]u — M*(v + Bu) (24
00/or = Bw/r (25)

To obtain a set of parametric equations of the bicharacteristics,
we may substitute Egs. (21) and (22) into Egs. (24) and (25) and
perform integrations along the line y = constant and 6, = con-
stant

x = Br — R) + y — kF(y,60)(""* — R'?)
- J Ly.0r)dr  (26)
R
and

0 =0, +J B i, @7)
R r
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Fig. 3 Propagation and distortion of F functions; a) F(y, 6,), b) F(y, 0).

with k =271y + NM*p=3"2 (28)
_+ ’ [y =t
and L = W;COS}‘!BO . F"(t)K" T dt +

Mo + Bu) (29)

Here, y and 6, are the coordinates x and 6, respectively, of a
point on the streamtube of the wind-tunnel with a mean surface
of radius R. y = constant and 8, = constant in Egs. (26) and (27),
respectively, define a bicharacteristic curve from the said point
(r =R, x =1y, 6 =0,). Based on Whitham’s hypothesis, as
F(y, 8,) = constant along the bicharacteristic curves, y = const
and 6, = const, defined by Egs. (26) and (27); Eqs. (21-23)
represent a first approximate solution of flow disturbances valid
everywhere in the three-dimensional flowfield. It is worth while
to note that, for an axisymmetric flowfield (n = 0), w = 0 and
0 = 0, = const, Egs. (24, and 25) reduce to Whitham’s charac-
teristic differential equation,' and Eq. (26) reduces to the im-
proved characteristic equation obtained by Pan.

Once F(y,6,) is known at R, we may integrate Egs. (26)
and (27) to obtain F(x,r,0) at any cylindrical surface further
afield at r. The value of F at a particular point (x, 6) at r is equal
to the value of F(y, 8,) at a point (y, ,) which is on the same
bicharacteristic curve as the point (x, 8) at r. Because of the 6-
component disturbance, the bicharacteristic curve from (y, 6)
is generally not lying on the same 0, plane (see Fig. 3a). The
bicharacteristics which pass through a straight line 6 = const
on the surface r originate on the surface at R from a curve
0y = 0,(y). Consequently, to determine F(x,7r,6) on a line
0 = const at r, we have to determine the curve 0, = 0,(y) at R.
On the plane of symmetry § = 0 (or n) where w = 0, all bi-
characteristic curves remain in the same plane; hence, F(x, r, 0)
is determined only by F(y,0) at R (Fig. 3b). The shape of the
F function obtained at r is generally distorted and different
from the original F function at R. The F function on an 6 =
const line at r is generally a multivalued function of its argument x.
The multivalued regions are due to the intersection of charac-
teristic surfaces in the physical space where values of physical

quantities cease to be unique. This failure of the linear theory

as a description of the flow is known to be remedied by the
presence of shock surfaces.!3

It is well known!? that the shocks, to a first-order in strength,
can be determined by a simple geometric property, that is, a
shock surface bisects the angle between two intersecting charac-
teristic surfaces. As shown by Whitham® the F function, at least
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in the far field, gives a rough description of the flow pattern,
since it shows whether the characteristics are converging in
compression where a shock will appear, or diverging in expansion.
The shock position at any distance r may be determined from
the F function at R. For axisymmetric flows, Whitham obtained
a relation called “area-balance-rule” which states that the lobes
cut off on each side of the F function by a straight segment
which determines a shock position must be equal in the area.
The slope of the straight segment depends on the distance r.
Following Whitham’s procedure we can obtain general relations
for determining shock positions.

Suppose that a general shock surface intersects § = const at
i at a point

x = B(r — R) — G(r,0) (30)

At the point (r, x, 8) the shock surface intersects two bicharacter-
istics, specified by y, and y, (y, > y,) on 8, = 0,()) at R, in
two corresponding characteristic surfaces (see points ¢ and d
in Fig. 3). The bisection of the angle between the characteristic
surfaces by the shock surface requires that, projecting on the
0 = const plane

298 sk Py, 000)] + Flya 0]} GD)

or
+ {L[y1, 06(v1); 7] + L[y2, 00(r2); 7]}
On the other hand, elimination of x — p(r — R) from the
Egs. (30) and (26) for y, and y, ‘gives, respectively,

G(r, 0) = kFTy, 8,y )1[r'/* — RY?]

+f Lly,,8(y1); rldr — y, (32)

R

G(r, 0) = kF[y,, 0,(y,)]1[r"* — RY*]

+ f LLy,,00(y,):r}dr —y,  (33)

R
G and r as functions-of y, and y, can be solved from Egs. (31-33)
and then the relation between y, and y, is obtained.
The relation between r and y, (and/or y,) is obtained by
eliminating G from Eqgs. (32) and (33).
FLy,, 06(y2)] — Fyi, 00(y1)] _ {K(r”z _ RI/Z)

Y2 — Wt
J {L[y2, 00y2); 7] — LLy1» 0o(yy);5 7] 3dr
R

F[y3,00(y2)] — F[ys, B4(y,)]
For large r, Eq. (34) reduces to a relation obtained by Whitham,'
for R=0

Flyz, 00y2)] — Flyy, 6(3)] _ 1
Y2 =¥ k' — R
The geometric interpretation of Eq. (35) is that the slope of the
straight segment adjoining the points y, and y, of the F function .
curve at R relates to r only. For an arbitrary r, the slope of
segment cd relates not only to r but to y,, y, and F. For different
shocks, the slopes of the corresponding segments are different.
If Egs. (32) and (33) are differentiated with respect to r and
added, and then the term 2 dG/dr is replaced by Eq. (31), the
equation

[k(rllz - Rl/z) F'(yy, 04(y,) — 1] dy,
+ [k(r''2 — RY3) F'{y,, 04(y)} — 11dy,

a r
= —[dy, 5—[ L{y,00(y1); 1} dr
Vi Jr

-1

+ (34)

(33)

(36)

6 r
+ dy, WJ‘RL{YL 0(y,); r}dr]
2

is obtained. By eliminating k(!> — R'"?) from Egs. (34) and (36)
and with some manipulation, we obtain the relation between
y, and y, or the position of c¢d on the F function curve at R;

j” Fly8,(y)]dy = 32 — YU FLy1, 00(1)] + Fy3, 06002013

1
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+ %{F[}’n 05(y1)] + FF[y,, 00(y2)1}

r 37
jR {L[y1,00(y0); r] — L2, 00(y5); ]} dr

+f3bﬁwﬂ@»%£Lm%mnwr

Y1

The preceding equation replaces the well-known “area-balance-
rule” (Ref. 1)

J”ﬁ%%wwy=ah—yMFDp%mﬂ+FUu%@m}

y1
(38)

Now Eq. (37) together with Eq. (34) determines the positions
of y, and y, on F(y, 8,(y)) for a fixed r. These relations may also
be used to determine the positions of other shocks; for example,
the position of the front shock ab (Fig. 3) may be determined
by setting F[y,,0,(y;)] = O at the point a on the F function
curve. We may note that Eqgs. (34) and (37) are so complex that
no explicit solution for r(y,,y,) is possible. Results may only
be obtained by a numerical iterative procedure by using Eqs. (35)
and (38) as a first approximation.

After having determined the positions of shocks, the local
F function at r becomes a single valued function except with
a finite number of discontinuities. The corresponding flow
disturbances may be determined from the local F function and
its Fourier components by Egs. (21-23) or Egs. (14-16) by
replacing R by r.

V. Wind-Tunnel Wall Reflection

In this section, we shall obtain the relation between the free
flight (incident) pressure disturbance and the measured (reflected)
pressure disturbance at the cylindrical wind tunnel wall. We
assume that the flow in the wind tunnel may be described by
the linearized supersonic flow theory. The pressure (Mach)
waves generated by the model propagated outward and down-
stream are reflected at the wind-tunnel wall; the refiected waves
will not interact with the model. Unlike the reflection of a plane
wave from a rigid plane surface which gives a constant reflection
factor 2.0, the reflection of a curved wave from a cylindrical
rigid surface may not be described by a simple constant reflection
factor. Since the flowfield behind a curved wave is generally
not uniform, the flowfield behind a curved reflected wave depends
on both the incident curved wave and the distance from the wave
front.

Referring to Fig. 1a with the coordinates described in Fig. 2,
the disturbance velocity potential ¢ in the wind tunnel satisfies
Eq. (1). Equation (1) together with the uniform freestream
boundary conditions may be solved by a technique of Laplace
transform, ie.

— 1 |*®
5,1,0) = — X, 1, 0) e PR dx 39
@(.7.0) ﬁRﬁw( (39)
The general solution to the transformed governing equation (1)
is given by’
= _ K (s) I,(sr/R)
o(s,r,0) = ; cosnf A,K,(sr/R) [l T(5) Ksr/R) (40)

where the boundary condition on the rigid wall (0g/or = 0
at r = R) has been satisfied. K, and I, are the modified Bessel
functions and A, is a function of s only. [Readers should not be
confused by K, in this section with the K, defined by Eq. (13)
in Sect. IIT].

The transformed disturbance pressure P is, by Egs. (4) and (39),

P(s,r,0) = —(s/BR) ¢(s, 1, 6) @1

On the wind-tunnel wall (r = R), the disturbance pressure is
the measured (reflected) pressure and is denoted by Py

Py(s, R, 0) = Y cosnb Pg,fs, R) (42)

AIAA JOURNAL

with P, being the Fourier components of P ; from Egs. (40)
and (41)
Pris, R) = —(s/BR)AK ({1 — [Ki(s) L(s)/T,(s) K,(s)]}
(43)
On the other hand, it is easy to show that the Fourier components
of the free-flight (incident) disturbance pressure on the wall is
Pu(s,R) = —(s/BR) A,K,(s) (44)
Hence, by combining Eqs. (43) and (44), we may express the
free-flight pressure in terms of the measured pressure
Pi(s:1) = 3Pgils, RYsSK(8) L4 1(5) + I 4(5)] (45)
Now the relations between P, (x,R) and Ppg,(x, R) may be
obtained by performing the inverse Laplace transform

1 (= _
P R) =1 Ppx, R) = gr j Pp,, R)RH<E—B-R—’-)dr , x>0
0

=0 x<0
(46)

Here, R,(x), the reflection functions, are the inverse Laplace
transform of R,(s)

Ry(s) =1 = s K () [L,4,(5) + I,_1(5)] 47
Since the Laplace inversing of the R,(s) is not known at the
present, exact values of R,(x) for all n and x can not be obtained.
However, for most practical cases, the argument of R,(x) is
usually small, and we may obtain an asymptotic expression of
R,(x) for small x by inverting the asymptotic expression of
R,(s) for large s. The result is

R,(x) = Y Cppx™ !/8™m — 1)! (48)
m=1
where
Cnm= Z (_l)janibnj
S,
i 4 2 _ i—1 2
with a;=1] *n——(zj—)—
n L=t ]

bm' =

[T

{ﬁ [4(n + 1y - = 1)2}
j=1 J
+ ILI [4(n — 1) — 2j — 1)2}}
j=1 J

and a,, = b,, = 1. After having obtained P, (x, R), we may sum
Py, cosnfl to obtain the corresponding free-flight pressure dis-
turbance P(x, R, 6) at the wind-tunnel wall.

VI. Summary of the Method and Examples

In this section, the present method and its procedures of
calculation are summarized. Several typical examples based on
the present analysis are presented and compared with the results
based on other methods.

A three-dimensional pressure disturbance Pg(x, 6, R) is meas-
ured at a circular cylindrical wind tunnel of radius R (for example,
by using a scanning system suggested by R. C. Bauer of ARO,
Inc. to the senior author!#). This three-dimensional disturbance
is expanded in the Fourier series in ; then the Fourier com-
ponents P, (x, R) can be obtained. By using the relations,
Eq. (46), the corresponding Fourier components P, (x, R) of the
incident (free flight) pressure disturbance P/(x, 0, R) and then
Py(x,0,R) can be found. P(x,0,R) is the three-dimensional
disturbance on a streamtube with upstream radius R which
corresponds to the wind tunnel in free flight. (At present, the
incident pressure measurements are normally made by some
type of static pressure probe at a fixed position outside of the
wall boundary layer. Signatures for a variety of aximuth angles
are obtained by rolling the model).

By using the pressure disturbance P,(x,6,R) or P, (x,R),
we can calculate the local F(y, 8,, R) function of this streamtube
from Egs. (14) and (21). F(y,8,, R) represents the disturbance
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Fig. 4 Near-field pressure signatures (M = 1.41).

generated by the streamtube with upstream radius R or by
the tested model in the free flight and propagates to a distance
r in further afield along bicharacteristics given by Eqs. (26) and
(27). Having fixed shock positions on the F(y,8,, R) curve by
Egs. (34) and (37), the new single valued local F(x,r, 6) function
is obtained at r. This new F function is then expanded in the
Fourier series. Corresponding to Fourier components F,(x,r),
the Fourier components of pressure disturbance P,(x,r) are
found from Eq. (14). Finally, the three-dimensional pressure
disturbance P(x,8,r) is obtained by summing up all Fourier
components.

Several numerical calculations of near-field pressure signa-
tures were performed. The streamwise positions of the experi-
mental data with respect to the models are usually not given.
Furthermore, no complete three-dimensional experimental data
at a constant distance from a model are available. Therefore, a
quantitative comparison of the present analysis with experimental
data is not possible at present. Thus, we shall only present the
comparisons of the present analysis with other theoretical
calculations. Typical examples are presented and discussed
in the following.

Figure 4 shows the near-field pressure signatures at r = 0.5, 1.0,
2.0, 3.0, and 5.0 from the axis of a 6.46° half-angle cone-cylinder
body. The length [ of the cone portion is taken to be 1.0; the
freestream Mach number is 1.41. Comparisons show the differ-
ences between the signatures of the present analysis and of the
Whitham theory. The differences are due to the present correction
of the linear asymptotic relations between the flow disturbances
and the local F function and due to the shifts of the characteristic
curves (the shifts are as large as 209 of Whitham’s value at
r = 0.5). The peak pressures predicted by the present analysis
are generally lower than and located ahead of those predicted
by the Whitham theory especially at tail shocks. This prediction
is qualitatively consistent with some of the near-field experi-
mental observations (for example, Ref. 6).

&p sp
Peo Poo

004

-0.04 \

— PRESENT ANALYSIS
---WITHAM THEORY

Fig. 5 Near-field pressure signatures (R = 1.0).

Fig. 6 Reflected and incident three-dimensional signature at the
wind-tunnel wall.

In Fig. 4, numerical pressure data are also presented. These
data were obtained by Kutler # using a shock-capturing finite-
difference approach.!® The present signatures are generally in
excellent agreement with the numerical results except at the
neighborhood of the shock waves. The difference near the
shock waves is due to the fact that, in the shock-capturing finite-
difference approach, the shock waves which occur will spread
over a few mesh intervals. Hence, the exact positions of the
shock waves can not be exactly predicted by this numerical
method.

Figure 5 shows the comparison of pressure signatures based
on the present analysis and the Whitham theory at » = 1.0 of
the same cone-cylinder body at several different Mach numbers.
Because of the.larger shifts of characteristics at larger Mach
numbers, larger shifts of pressure signatures appear.

Figures 6 and 7 demonstrate an extrapolation of a measured
three-dimensional signature. A three-dimensional measured
(reflected) pressure signature is assumed in a form Pp = Pg, +
Py, cosf and is shown in the dashed lines in Fig. 6. A freestream
Mach number of M = 2.0 and a wind-tunnel wall radius of
R = 0.5 are assumed. The corresponding incident (free flight)
signature is calculated and shown in the solid lines in Fig. 6.

Following the procedures summarized above, the extrapolated
pressure signatures at r = 10.0 are shown in the solid lines
in Fig. 7. These signatures near the leading shock waves are
fixed approximately from the 13-term Fourier representation
of the pressure signatures which are shown in the dotted lines.
The pressure signatures obtained by a simple extrapolation based
on the current sonic boom theory are also shown in the dashed
lines. For this example, the current sonic boom theory over-

]
/ /‘\Q}_;_
r=10 180°
\\\_/_—
ap
pm
Ne -, -
o001l
|
: T —— PRESENT ANALYSIS
oL — > W NIx e 13 COMPONENTS
———SIMPLE

EXTRAPOLATION

Fig. 7 Comparisons of pressure signatures.

# Numerical data generously provided by P. Kutler of NASA
Ames Research Center are gratefully acknowledged.
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estimates the peak over pressure for 0 £ 6 < 90° as much as
109, but it under estimates the peak overpressures for 90° <
0 < 180° as much as 40%(. Although no general quantitative
conclusion on the importance of the near field effects can be
obtained from this single example, this example does show
that the near-field effects may be important for extrapolating
complex near-field three-dimensional signatures.

VII. Concluding Remarks

A theoretical study for a new method for wind-tunnel in-
vestigations of the sonic boom problem based on large models
is presented. Based on the linearized supersonic flow theory,
the corresponding free-flight pressure disturbance at the distance
of the wind-tunnel wall may be calculated from the measured
pressure disturbance at the wind-tunnel wall, and the flow
disturbances can be written in terms of a local Whitham’s
type F function. Based on Whitham’s hypothesis on the im-
provement of the linear theory, the F function propagates to
the downstream along bicharacteristic curves. Near-field and
three-dimensional effects are considered in the analysis. Several
numerical examples are presented. Comparisons of the present
results with those based on the current sonic boom theory and
a numerical method are discussed. More near-field experimental
measurements using axisymmetric and three-dimensional bodies
and more calculations may help to verify the present theoretical
study.
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Turbulence Structure Parameters in an
Inhomogeneous Strain Field

P. A. C. OxwuoBL* R. 8. AzAD, AND O. HAWALESHKA ¥
The University of Manitoba, Winnipeg, Canada

The results of some study of the structure parameters in developed turbulent shear flow in a conical diffuser are
presented. Measurements of the structure parameters along the diffuser axis were taken for two flow rates. The
results show that along the diffuser axis, the structure parameters remain essentially constant and equal in magnitude
to the value at the axis in the fully developed pipe flow. Reynolds number and changes in the total turbulent kinetic
energy have a negligible effect on the structure parameters From the study of the equilibrium time scale, it is observed
that the turbulence structure tends to quickly adapt itself to the change in the flow condition.

Nomenclature
a,,a,,a; = constants
D = diameter of inlet pipe
K, =(<p>? — <w>¥/(<v>% + <w>?)
K* = (<u;>?% — <u,>)/(<u;>? + <u,>?)
3 = (<uy>?3 <u; >
k, = hot wire cooling constant
L = length of pipe preceding the diffuser
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<uy>? 4 <uy>? 4 <uy>?

Reynolds number, U, D/v

time '

components of mean velocity in the axial, radial and

circumferential directions

= components of fluctuating velocity in the axial, radial
and circumferential directions

components of fluctuating velocity in Cartesian coor-
dinates

effective cooling velocity

cross section average velocity at the diffuser inlet

center line mean velocity at the diffuser inlet

friction velocity

u,/U,

axial and radial directions

radial distance from pipe wall

yUNv

total effective strain

constant

dissipation rate, 15v<u, >2/3?
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